Top Careers & You®

] S
> EXPONENTIAL SERIES

2 3
The sum of the series 1 + x + 7+);—|+ ....... o is denoted by the number e
Some important expansion:-
2 3
1. e¥=1+x+ —+"—+....
21 3!
2 3
2 e*=1ox+ XX ©
21 3!
eX+e* x? x4
3 i =l —— o0
2 20 A4
eX_g X X3 5
4 =X+ —+—+.....
2 3! 5

n 0
5. e=1+1+1/2!'+1/3'+1/41+ ........ oo = lim [1+ %j :Z(lln!) = 2.718 (approx.)
n=0

n 0
6. et=1/21-131+Y—-1/5+ ... oo=|im(1—lj: @s/nt)

1
e+e

7. =1+12'+1A4 +....... ©
e—et

8. =1+1/3'+1/5 +...... 00

1 nx

9. lim [11 —] =e** for all values of x.

n—w n

10. eis anirrational number.
11.  If a be any positive number such that loge a = m, then a = €™ and

mx m?x% m3x3 m'x!

a'=e™=1+ —+ + + e + + o o
1 2! 3! r!

i.e., a =1+ (x/1!) (loge a) + (X°/2!) (loge @)° *+......+ (X'/r!) (loge )" +......

Wehave,e:1+_+i+i+i+ 0
20 31 4]
1 1 1 11 1
> e=2+ —+—+— +,...© Se—-25_—_+ 4+ —_+
21 3! 4l 2! 3! 4!
= e — 2 = a positive number
=e>2
We know n! > 2" *foralln>2
1

=< iforalln>2
n| Zn—l
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=e<1+2=3
From, (i) and (ii), we get 2 < e < 3. Hence, e lies between 2 and 3.

Note: It should be noted that

© 1 © 1 =1
no Nl (=D A5 (n=k)!
1 1 1 1
D ==t =+ o=e-1
o nboar 2t 3l
©« 1 1 1 1
Y —=—+—+—+..n wo=e-2
n=2n 21 3 4
© 1 1 1 1
> e R w=e-1
no (N+1)1 1 2 3
© 1 1 1 1
¥ =—t—t—F . o=e-2
nco (N+2)! 20 3 4
o 1 1 1 1
> - w=e-2
-1 (n+1) 20 3 4
o 1 1 1 1 erxel o 1
Y o—— =14+ —+—+—=+.... = = 3
n=0 (2n)! 20 4 6 2 n=1 (20— 2)!
g 1 111 0 _e-e
-1 (2n-t 1 3 5 T 2
General Term
o _q, @) @7 @) (@)
1 o 5t e

Therefore T,.; = General term in the expansion of e®

_(@)"

n!

1 1 1 1 1 1
= —< —, —< —, —< —,
31 22741 23' 51 o4
1 1 1 1 1
= — + — + —+... < — + — + —+.,
3! 4! 5! 22 23 24
1 1 1 1 1 1 1 1 1 1
>1l+ -+ —+ —+ —+ — <1+ —+ —+ — + — + —+
11 2! 3! 41 5l 1 -24--92 23 24
1 1 1 1 1 1 1 1
=1+ —4+ —+ —+ —+...<1+1+ —F— + —+"—+,,
11 21 31 4l 2 22 22 2*
=e<l+ -.~1+1+i = 1 =
2 22

" . a
and, coefficient of X" in e —
n

n
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n

. . X - . 1
Therefore T,.; = General term in the expansion of eX—I and, coefficient of x" in e* = =
n! n!

2 3 n
e X o1 X X X +(-D" 0
r 20 3 n!
. . x x" - N o _ (D"
Therefore T,.; = General term in the expansion of e ™ (-1)" — and, coefficient of X" ine™ = |
n! n!
EXAMPLES:
1. Find the coefficient of x” in the expansion ofe®” |

Sol. Lete*=z. Then

1+7|+7'+7|
2. To prOVe 2! 3! 4! — eZ — 1
1 2 22
1+ —+—+—+
203 4
EAPY: 2 §+§ 2 43
sol. LHs. =2 2 3 4 R T T I U N CL\ R e
o 2 53 o4 - 2 a2 > = >
Lz, 202 20 1414242 4,2 l+e e”+1
22 203 4 1 2 3
—e’—1

2. Prove that 1+i+
1.2 1.2.

+...j[1—i+i— ..... j:ﬂ
1.2 1.2.3 e

3
Sol. L.H.S.:(1+i+i+... (1—1+i—....j=[—1+1+1+i+i....j{1—[1—1+i+i+ ..... H
20 3! 20 3 r 2 3 r 2 3

=(-1+e)(l-eN)=(-1+e)(1-1le)=/(e—1)2/e

2
@+ 3% og,3p+..

3. Find the value of (1 + 3) loge 3 + o

Sol. Given expression

(loge 3)° _ (log 3)°
2 " 3! i

{l+ log. 3+ > 3

2 3
..... :|+[1+3Ioge 3+ (3loge 3) + (3loge 3) +1 -2

=P+ _2 =3+3-2=28
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Sol.

Sol.

Sol.

Sol.

Sol.

23 33 43
Prove the following: 1 + — + —+ —+..... o = 5e.
20 3 4
n™ term of the given series is
n® n? (n>-1)+1 n+1 1 (n-2)+3 1 1 3 1
Tn = — = — - + —

= = = = = + +
n  (n-1! (n-1! nh-2)! (n-1! (n-2)! (n-! (n-3) (h-2)) (n-1!
Now we cannot put n = 1, 2 in first series-So taking first two terms from the given equation and putting
n=3 in all the three series

r 2

3
we get 1+22—'+[1+£+1+ ..... }+3{1+1+...}+{i+1+ ..... }: 1+4+e + 3(e-1)+e—-2 = 5e

2 2+4 2+4+6
J— +—

+...=3e.
1 2! 3!
Th = 2+4+6+....+2n:2& = n = L + 2 Take the first term from the series and
n! n! =D "(n-2)) (n-D)!

put n = 2 in the two series and get Answer : 3e

14 25 36 47

2 3
(nthtermof A.P. 1,2, 3, ..... ).
_ (n"termofAP123,....)(n"termofAP.458,......). {1+ (n-1).1{4 +(n-1).1}

T
" (n"termofAP.012,....)! {0+(n-n1
_nn+3) n*+3n_(n-1n-2)+(6n-2) | (n-1fn-2)+6(n-1)+4 o
(n-1! (n-1! (n—1)! (n-1)!
T.= 1 N 6 . 4
(n=-3) (n-2)! (n-1!
Now taking the first two terms and puttingn =3, 4, 5, ..... , and adding, the given series we get ans.11e
- 2
Evaluate
ngl (n+1)!
= 1 —1+ 1 —e-(e-1)+(e~2)=e-1

=)' n (n+1)!

7 X
. - . . e e
Find the coefficient of X" in the expansion.of +
e

7X X o n - . n " n - _anon
We have, # =e¥+e= ¥ (4x)” , 5 (=2x)" _ 3 LRI 5 (=D"2" o
e n=0 nl n=0 n! n=0 n! n-0 n!
7X X n _\Non n
Therefore Coefficient of x" in % = 4_ + (D72 = 2_{2n +=1)"}
e n! n! n!
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(. S
— LOGARTTHMIC SERIES e

As you have studied in earlier classes that log.x is a number N such that a" = x i.e. log, X = N < x = a". Here
a is known as the base of the logarithm. In this chapter we will take the number e as the base of the logarithm
unless otherwise stated. Logarithms of numbers calculated to the base e are called Naperian logarithms or
Natural logarithms and logarithms to the base.10 are-know as Common logarithms. Now we will obtain an

expansion for loge (1 + X) as a series of powers of x which is valid only when | X | <1

x> x3 x*

Expansion of log, (1 + x): If| X |< 1, then loge' (1 + X) = x—7+?—7+ ...... 0

This series is known as the Logarithmic series

© n
Note. Using summation notation ¥, we have loge (1 +/x) = >’ ™t x
n=1 n

SOME IMPORTANT DEDUCTIONS FROM THE LOGARITHMIC SERIES

1. Replacing x by — x in the logarithmic series, we get: loge (1 —X) = — X —X? —X? —— =0

2 X3 X4

X
or —l0ge (1 —=X)= X+—+—+—+.....
Oe ( ) 2 3 4 0

2 XS X4

2. We have: loge(1+x) = x—x—+—+—+ ..... oo and,
2 3 4

2 X3 X4

X
—10ge (1 —=X) = X+—+—F—+.....
Oe ( ) 2 3 4 2

Adding these two series, we get
1+x x> x°
loge (1 +X) —loge (1 —X) = Ioge(ﬁj = 2(x+?+?+...ooJ

Subtracting above series we get

2--34 6
loge (1 + X) + loge (1 — X) = loge( 1 — %2 )=—,2 XX
2 /4 6

3. The series expansion of loge(1 + x ) may fail to be valid if If | x | is not less then 1. It can be proved that

the logarithmic series is valid for x = 1 Putting x = 1 in the logarithmic series, we get

loge 2 :1—£+1—£+ 1
2,3 4 5
4, When x = — 1, the logarithmic series does not have a sum. This is in conformity with the fact that

log (1 —1) is not a finite quantity.
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EXAMPLES:
1. Using the series for log 2, prove that the value of log 2 lies between 0.61 and 0.76.
Sol. We have:
2 3 4 5 6
Iog(l+x):x—X—+X——X—+X——X—+...oo
2 3 4 5 6
Putting x = 1 in this series, we get
|og2:1_1+1_1 1_1+
3 4 5 6
1 1 1 1 1
=Sll-=|+|=—-=|+|=—=]+...
2 3 4 5 6
:1+i+i+...2£>0.616
2 12 30 60
Also,log2=1- 10 1 fr_1 -
2 3 4 5 6---7
-yttt 11 1_319 42
6 20 42 6 20 42 420

Hence, 0.61 < log 2 < 0.76.
2. Prove that

. 1 1 1 1 1

0] —t—t——+——+....0 | == loge 2
3 33 53° 737 2

1 .11

322 524 726 77

(ii) (1+ oo) =log 3:

3 5 7
Sol. (i) Wehave:(1+ 13+ 15+ 17+ ...... oo]:'- x4y XX ,wherele
3 33° 53> 73 3 5 7 3
1
—llog 1WL—)(—llog 1+§— lIogz
27 1-x) 2 7 1 2 T
3

(i)  We have (1+ 12+ 14+ 16+....ooJ:2(1+ 13+ 15+ 17+....oo]
3.2 527 72 2 32° 52° 72

1
3 5 7 1+ =
= X_ - X_ =15 = l+_X = 2 =
2 [x+ 3 + s + 5 F e oo] ,'Where x =% = loge . l0ge 1_£ loge 3.
2
. s . 1 1
2 Find the sum of the infinite series : — ++—++—+—+......0
5 37 49
Sol. Let T, be the n" term of the given series. Then, T, = ! ,n=1,23 ...
n(2n+1)

1 A B
et ———— = — +
n(2n +1) n (2n+1)
Or 1=A(2n+1)+Bn
Comparing the coefficients of n and constant terms on the two sides of the above equation,

we get 2A + B =0, A =1 and B = — 2. Substituting the values of A and B in (i), we obatin
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_ 1 _ 1
“n@2n+) n (2n+D’

|
N

Therefore Sum of the given series = Z Tn= i (1— 2 j

n=1 n=1 n 2n+1
2 (1 2 1 2 1 1 1 1 1
1-—+ | =+ = |+| === |+...... ol = {l+—t=—+.... 0 |—2| —+—+—+.....00
3 {2 5 3 7 2 3 3 5 7
:1+———+1—1+———+ ....... o =2+ 1—£+£—1+1—1 ...... w| =2-loge 2
2,3 4 5 6

3.  Provethatloge x = (x — 1)——(x 1)+ = (x 1)° - (x—1)4+....
[Hint:Iogex:Ioge{1+(x—l)}:(x—l)—%(x—1)2+%(x—1)3— ..... ]

4, Prove that : 1i——+———+ ........ o= (2loge 2) -1

Hint :| LHS = 1—1 J(riy il +.0 =142 1—1+1—1+ +..1|=1+2logg2-2
2 2 3 4 5 2 3 4

5. pmvemat;HLAJJ(LA]A[LL} _______ w}.ogerz

2\2 3) 4

HINT - Giver ;H; 43 +§@3+...}+{§_;(g+§gf_ ...... wH
[ o) o)

6. Prove that log (1+3x+2x2):3x—3x +§x —Tx e

Sol. log {1 +3x+2x%) =log{(1-x) (1L +2x)} =log (1 + X) + log (1 + 2x)

2 3 4 2 3 4
:(X—X—+X—+X—+ ....... oo}{Zx—(zx) +(2X) —(ZX) +an ooj

2 3 4 2 3 4
2 3 4
R vl IS I (Ol DRV S U O B e B L S
2 2 3 3 4 4 X 3 4
7. Find the coefficient of X" in the expansionof logs (1 + 3x + 2x%)

Sol. We have: loge (1 + 3x + 2x%) = loge {(1 + %) (1 +12X)} = loge (1 + X) + loge (1 + 2X)

:[x—ﬁ+£— ..... +(—l)”_lx—n+ J{Zx (2X) @— ..... +(—l)"_1ﬂ+ ...... J
3 n 2 3 n

Therefore Coefficient of x" in loge (1 + 3x + 2x%) = +(-1)

n-1 n n-1
(1) n12n (l) (1+2)
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